Abstract Let G be a finite group. The objective of this paper is twofold. First we prove that the cellular Bredon homology groups with coefficients in an arbitrary coefficient system M are isomorphic to the homotopy groups of certain topological abelian group. And second, we study ramified covering G-maps of simplicial sets and of simplicial complexes. As an application, we construct a transfer for them in Bredon homology, when M is a Mackey functor. We also show that the Bredon-Illman homology with coefficients in M satisfies the equivariant weak homotopy equivalence axiom in the category of G-spaces.
Introduction
Let G be a finite group, M a covariant coefficient system for G, and X a Gspace. In [2] we defined topological groups F G (X, M ) whose homotopy groups are isomorphic to the Bredon-Illman equivariant homology of X with coefficients in M . The construction uses the singular simplicial G-set S(X), and thus the topological group is quite large. In this paper we consider regular G-CW-complexes X , i.e., G-CW-complexes whose characteristic maps are embeddings. In this case, we define another topological group for X . To do this we use the simplicial G-set K(X) associated to X and constructed with the cells of X , whose geometric realization is homeomorphic to X . With this we obtain smaller topological groups |F G (K(X), M )| whose homotopy groups are isomorphic to the Bredon (cellular) homology groups. We use some of the techniques introduced in the first part, together with a result on model categories, to prove that an equivariant weak homotopy equivalence between arbitrary G-spaces induces an isomorphism in the Bredon-Illman homology groups with coefficients in any coefficient system.
On the other hand, in [4] we introduced the concepts of ramified covering maps in the categories of simplicial sets and of simplicial complexes. In this paper we generalize these concepts to the equivariant setting and we present some results on their structure. They have the property that their geometric realizations are topological ramified covering G-maps.
In [5] we constructed a transfer for ramified covering G-maps in Bredon-Illman equivariant homology with coefficients in a homological Mackey functor M . In this case one can define other topological groups F G (X, M ) which are given directly in terms of the points of X and whose homotopy groups are again isomorphic to the Bredon-Illman homology groups of X with coefficients in M . Using these groups one defines the transfer. For an arbitrary coefficient system M , the singular simplicial set of X cannot be used to construct the transfer, because if p : E −→ X is a ramified covering map, then the fibers of S(p) : S(E) −→ S(X) are not finite in general (see the counterexample in [4] ). Thus the homotopical approach to the Bredon homology given in this paper allows us to construct a transfer for G-equivariant ramified covering maps of simplicial sets and of simplicial complexes in Bredon homology with coefficients in an arbitrary Mackey functor M . We show that this transfer has the usual properties of a transfer.
The paper is organized as follows. In Section 1, given a simplicial G-set K , we construct the topological group |F G (K, M )| and we prove that its homotopy groups are isomorphic to the Bredon homology groups of |K|. From this, we obtain the same result for the case of regular G-CW-complexes. We finish the section with an application of these homotopy-theoretic methods. Namely, we prove that if f : X −→ Y is an equivariant weak homotopy equivalence between arbitrary G-spaces, and M is any coefficient system, then f * : H G (X; M ) −→ H G (Y ; M ) is an isomorphism of the Bredon-Illman homology groups. In Section 2, we recall the definition of an n-fold G-function with multiplicity p : E −→ S (in the category of G-sets) given in [5] , and we define the transfer t G p : F G (S, M ) −→ F G (E, M ) for it. In order to deal with the topological case, one needs to study G-equivariant ramified covering maps in the category of simplicial sets. This we do in Section 3, where we introduce the concept of a G-equivariant simplicial (special) ramified covering map p (3.1) and we prove several properties of the class of those p, like the fact that it is closed under pullbacks, that their geometric realization is a topological ramified covering G-map, etc. Further on in this section, we define the transfer in the simplicial context. We finish the section by proving that if the Mackey functor M is homological, then the transfer constructed here coincides with the transfer constructed in [5] (3.22) . Next, in Section 4, we give the definition of a (special) G-equivariant ramified covering map of simplicial complexes p (4.1), and in a natural way, we associate a ramified covering map of simplicial sets K(p) (4.4) in such a way that the geometric realizations |p| and |K(p)| coincide. At the end of this section, we pass to the Bredon homology (applying the homotopy-group functors) and we give the transfer and its properties in homology.
Homotopical Bredon homology
Given a simplicial pointed G-set K (or equivalently, a pointed G-simplicial set) and a covariant coefficient system M , we shall show that the homotopy groups of the topological abelian group |F G (K, M )| are isomorphic to the Bredon equivariant homology groups H G * (|K|, M ). In order to do this, we need the following results.
We begin by recalling the definition of the simplicial abelian group F G (K, M ) given in [2] . Definition 1.1 First consider any pointed G-set S with base point x 0 , and a covariant coefficient system M for G. Take the set M = ∪ H⊂G M (G/H).
Define now the abelian group
for almost all x ∈ S, and u(gx) = M * (R g −1 )(u(x))},
. This group has canonical generators γ G x (l) for x = x 0 and l = 0, given by
,
. . , r} and lx denotes the function with value l at x and zero elsewhere (which is not an element of F G (S, M ), but the sum is).
is a covariant functor from the category of pointed G-sets G-Set * to the category of abelian groups. Now, if K is a simplicial pointed G-set, we shall use the following notations. Let α : m −→ n be a morphism in ∆, where k = {0, 1, 2, . . . , k} for all k ≥ 0. We denote by α K : K n −→ K m the value of K in α, and by α # : ∆ m −→ ∆ n the affine map induced by α. We have a simplicial abelian group F G (K, M ) given as the composite of the functors
Remark 1.2
If G is the trivial group, S is a pointed set and M = Z, then we denote the abelian group F G (S, M ) by F (S, Z), which is the free abelian group generated by the elements of S − {x 0 }.
is the ith face operator of K . Moreover, if D n denotes the subgroup generated by the degenerate elements of F G (K n , M ), then D * is a chain subcomplex and therefore we have a quotient complex
On the other hand, we denote by ν n (K) ⊂ K n the set of nondegenerate elements. We have another chain complex {F G (ν n (K) + , M ), δ G n }, as we shall see below, where
with the convention that if some
Notice that since ν n (K) has no base point if n > 0, we have to consider ν n (K) with an extra base point. For n = 0 we shall take the base point in K 0 . Clearly, ν n (K) as well as K n − ν n (K) are G-invariant. We have the following.
Proposition 1.3 The chain complexes
Proof: We first claim that w ∈ D n if and only if w(b) = 0 for all b ∈ ν n (K).
Conversely assume that w(b) = 0 for all b ∈ ν n (K), then w = 0 only at degenearte elements. Take one representative
(a m ) of each orbit where w is nonzero. Hence
is injective, it preserves the isotropy groups and thus we have
Notice that when n = 0,
Let now ι : ν n (K) + → K n be the extension of the inclusion such that ι(+) is the base point of K n . Define ϕ as the composite
We must now show that ϕ is an isomorphism of chain complexes. This follows from the fact that δ G n corresponds to the operator ∂ n under the isomorphism ϕ, as one easily verifies.
We now prove the next.
Proposition 1.4 There is an isomorphism of chain complexes
Proof: It is well known that the group H n (|K| n , |K| n−1 ) is the free abelian group generated by the n-cells of |K|. The n-cells of |K| are in a one-to-one correspondence with the elements of ν n (K) (see [11] ). The isomorphism is given as follows. Take a generator a of F (ν n (K) + , Z), namely a ∈ ν n (K). Then we associate to a the relative cycle
, and we define the isomorphism ψ by ψ (a) = [ψ a ].
We now prove that the isomorphism ψ commutes with the boundary operators. We have, on the one hand
while on the other hand
When n = 0, one has an isomorphism H 0 (|K| 0 , * ) ∼ = F (ν 0 (K), Z), where * = [a 0 , 1] and a 0 ∈ ν 0 (K) = K 0 is the base point. Therefore the result follows.
Definition 1.5 Let T be a pointed G-set. There is a contravariant functor F (T, Z) from the category of canonical orbits G/H , which we denote by O(G), to the category of abelian groups given on objects by
and on morphisms, as follows.
We shall consider the categorical tensor product (or "coend" -see [12] ) of F (T, Z) and M defined by
where one takes the quotient by the subgroup generated by the differences
Proposition 1.6 Let T be a pointed G-set. Then there is an isomorphism
We have
Therefore, we have proved that the family ϕ x satisfies the conditions of the universal property of F G (T, M ) [2, 1.6], and thus it determines a homomorphism
We now construct the inverse
as follows. Define first
where
Clearly ψ H is well defined. We now prove that the homomorphisms ψ H are compatible with the equivalence relation and therefore they determine ψ .
We analyze two cases.
Therefore, by (1.7) and (1.8), the homomorphisms ψ H define ψ .
We now prove that ϕ is the inverse of ψ . Consider a generator
, where 1x := x is a generator and
Lemma 1.9 Let K be a simplicial pointed G-set and denote by K n , resp. |K| n , the n-skeleton. Then
Hence b ∈ L n−1 and a would be degenerate in L, which is a contradiction.
(c) We have
This follows from the fact that the cells of |K| n are in a one-to-one correspondence with the nondegenerate elements in K m (m ≤ n).
(e) By [9, 4.3.8] , the inclusion i :
(f) Consider (|K| n ) H . Then, using the statements (d), (e), (c), and (d), we have the following equalities:
thus we have the result.
In what follows we shall consider the chain complex
Proof: Applying Proposition 1.4 to the simplicial set K H , we get an isomorphism of chain complexes
By Lemma 1.9 (a),
and by (f),
Therefore, there is an isomorphism of chain complexes
Hence there is an isomorphism of chain complexes
By Proposition 1.6, there is an isomorphism of groups
for each n. So we only have to check that ϕ is a chain morphism. To do this, take a generator
We have on the one hand,
Each summand inside the first brackets lies in
) and each summand inside the second brackets lies
Now we shall see that these summands are equivalent. Notice first that by (b) in the lemma above, since K
Thus the two brackets coincide, as we wanted to prove.
The next is the main result of this section.
Theorem 1.11 Let K be a simplicial pointed G-set, and let M be a coefficient system for G. Then there is a natural isomorphism
Therefore, applying Proposition 1.10, we obtain
By [11] , the projection
is a chain homotopy equivalence, thus
Finally, by [11, 22.1,16.6,16 .1], we have the following isomorphisms:
Now the result follows combining the isomorphisms (1.12), (1.13), (1.15), and (1.16).
In [5, 4.13] we show that any regular G-CW-complex X is G-homeomorphic to the geometric realization of an ordered G-simplicial complex T (X), therefore X is also homeomorphic to the geometric realization of the associated simplicial G-set K(X) (see the paragraph just before Proposition 4.4). Hence the previous result implies the following.
Corollary 1.17 Let X be a regular G-CW-complex and M a coefficient system. Then there is an isomorphism
As an application of the homotopical approach to the Bredon-Illman homology, we have the following. We first recall the definition of F G (X, M ), where X is any pointed G-space and M is an arbitrary (covariant) coefficient system. 
. However, the result in [2, 3] is valid for any G-space X , and it is this more general result which we shall use in what follows.
Theorem 1.19 Let f : X −→ Y be an equivariant weak homotopy equivalence between arbitrary G-spaces, and let M be a coefficient system for
is a weak homotopy equivalence in the category of simplicial G-sets (which is the same as the category of G-simplicial sets). Since S(Z) H = S(Z H ), S(Z) H is a Kan simplicial set for all H , then S(f ) is a G-morphism between fibrant simplicial G-sets. Hence by [8, 2.3] , S(f ) is a G-homotopy equivalence, and thus S(f ) + is also a G-homotopy equivalence. But S(Z) + ∼ = S(Z + ) for all Z . Therefore, by [3, (4.18)(b)], one has a homotopy equivalence
which induces an isomorphism of homotopy groups. By [2, 3] , there is an iso-
, so the result follows.
G-Functions with multiplicity
In this section we recall the main facts about the transfer at the level of G-sets (for details, see [5] ). µ(a) = n .
We say that the n-fold G-function with multiplicity p : E −→ S is pointed if the spaces E and S have base points, which are fixed under the G-action, and p is a pointed function. Associated to p : E −→ S one has the G-function 
(c) for each x ∈ S and a ∈ p −1 (f (x)), one has the equality
µ(a) , and (d) for each a ∈ E one has the formula
for the isotropy groups.
There is a category whose objects are G-functions with multiplicity and its morphisms are as just defined.
We have the next useful characterization of a morphism of G-functions with multiplicity [5, Prop. 2.4].
Proposition 2.5 Let p : E −→ S and p : E −→ S be n-fold G-functions with multiplicity, and let f : S −→ S and f
. Then ( f , f ) is a morphism from p to p if and only if
where the ϕs are as given in Definition 2.1.
Examples 2.6
We have the following examples.
(a) Let p : E −→ S be a n-fold G-function with multiplicity µ, and let
. Consider the restriction of f from the fiber q −1 (y) to the fiber p −1 (f (y)). This bijective function induces a surjective function
Clearly, conditions (a), (b), and (c) in the previous definition hold. Moreover, clearly
is a morphism from q to p.
(b) Let T be a G-set and consider the G-function π : T n × Σn n −→ SP n T given by π x 1 , . . . , x n ; i = x 1 , . . . , x n , where G acts on both sets diagonally and trivially on the set n = {1, 2, . . . , n}. Define µ :
where one regards the ordered n-tuple (x 1 , . . . , x n ) as a function x : n −→ T . Then p is an n-fold G-function with multiplicity, since the sets x −1 x(i) form a partition of the set n. Furthermore, µ is clearly Ginvariant. The function ϕ π :
Definition 2.8 Let p : E −→ S be a n-fold G-function with multiplicity µ, and let M be a Mackey functor. Define a homomorphism
where u ∈ F (S, M ) and a ∈ E . If we assume that u ∈ F G (S, M ), i.e., that
where the next to the last equality follows from the pullback property of the Mackey functor. Thus t p (u) ∈ F G (E, M ). Therefore, the homomorphism t p restricts to a transfer homomorphism
Remark 2.9 Let p : E −→ S be a n-fold G-function with multiplicity µ. The isotropy group G x acts on p −1 (x) and the inclusion
. Since the value of this function is zero on points which do not belong to the orbit Gx, and γ G x (l)(x) = l. One can give the transfer t G p on the generators
The next follows from what was done in [5, Section 2].

Proposition 2.12 The transfer has the following properties: Naturality (with respect to morphisms of G-functions with multiplicity), Pullback, Normalization, Additivity, Quasiadditivity, Functoriality, Invariance under change of coefficients, and if M is homological, then the composite
is multiplication by n.
Ramified covering maps in the category of simplicial Gsets
In this section, we shall define G-equivariant simplicial ramified covering maps. Our definition is based on the concept of a weighted map given by Friedlander and Mazur [7] . We show that these simplicial ramified covering G-maps have properties analogous to those proved by Smith [13] and Dold [6] for topological ramified covering maps.
Definition 3.1 Let p : K −→ Q be a pointed simplicial function between pointed simplicial sets. We say that p is an n-fold G-equivariant simplicial ramified covering map if the following conditions hold:
1. For each m, p m : K m −→ Q m has finite fibers.
The function d
is surjective for all i.
There is a family of G-invariant multiplicity functions µ
such that:
(a) For all x ∈ Q m , one has a∈p
We call p special if, furthermore, the following condition holds.
For each
a ∈ K m , one has G a = G p m (a) ∩ G d K i (a) for all i.
Remark 3.2 Properties 3 (a) and (b) imply that the restrictions s
K i | : p −1 m (x) −→ p −1 m+1 (s Q i (x)) are bijective.
Remark 3.3
The corresponding definition in the nonequivariant setting is given in [4] .
The concept of a simplicial ramified covering map is particularly well behaved. We have the following result, which is already valid in the nonequivariant case. We define R m = {x ∈ Q m | ∃a ∈ p −1 m (x) with µ m (a) > 1}. We call the elements of R m the ramification points of p m . 
Corollary 3.5 Let p : K −→ Q be an n-fold simplicial ramified covering G-map. Then |R| ⊂ |Q| is a G-invariant subcomplex.
Proof: By [9, 4.3.8], |R| is a subcomplex of |K|, and it is G-invariant since µ m is G-invariant for all m.
The following result provides a sufficient condition for a simplicial ramified covering G-map to be special.
Proposition 3.6 Let p : K −→ Q be an n-fold simplicial ramified covering G-map, such that G acts freely on the ramification points R ⊂ Q. Then p is special.
Proof: We have to prove the equality
for all a ∈ K m , all i, and all m. For simplicity, call x = p m (a). There are two cases:
Case I: x ∈ R m . Then G x = {e} and since G a ⊂ G x , the equality follows.
Case II: x / ∈ R m . We have two subcases:
Hence a = ga so that g ∈ G a , and the equality follows.
= {e} the equality holds. 
Proposition 3.7 Let p : K −→ Q be a map of simplicial G-sets. Then p is a special n-fold G-equivariant simplicial ramified covering map if and only if p m is an n-fold G-function with multiplicity µ m and the pairs (d
. Thus condition 4 holds.
Remark 3.9 In 4.6 we give an example of a ramified covering G-map which is special, but not isovariant.
Corresponding to [4, Thm. 3 .5], we have the following.
Proposition 3.10 Let p : K −→ Q be an n-fold G-equivariant (special) simplicial ramified covering map, and let f : Q −→ Q be a simplicial map. Then the pullback of
p over f , p : K = Q × Q K −→ Q ,
is an n-fold (special) simplicial G-equivariant ramified covering map.
Proof: By [4, Prop. 1.4], we have that p is an n-fold simplicial ramified covering map. Since the map p is clearly G-equivariant, we only have to prove that if p is special, then also p is special. To see this, take
The following is the equivariant version of [4, Prop. 1.6].
Proposition 3.11 Let T be a simplicial G-set. Then the simplicial function
π : T n × Σ n n −→ T n /Σ n , where n = {1, 2, . . . ,
n}, is a G-equivariant simplicial n-fold ramified covering map.
Proof: T is a contravariant functor ∆ −→ G-Set, where ∆ is the category whose objects are the sets n, n ≥ 0, and whose morphisms are order-preserving functions (see [10] or [11] ). Consider the functors
given by S −→ S n × Σ n n and S −→ S n /Σ n , respectively, where G acts diagonally on S n . Then T n × Σn n = E n • T and T n /Σ n = B n • T . The natural transformation E n −→ B n that maps s 1 , . . . , s n ; j to s 1 , . . . , s n determines the function of simplicial sets 
Proof: Assume first that p : K −→ Q is an n-fold G-equivariant simplicial ramified covering map with multiplicity functions µ m . Define Conversely, suppose that there is a map of simplicial G-sets ϕ p : Q −→ SP n K which satisfies conditions 1 and 2. Take a ∈ K m and consider
Again by [4, Prop. 3 .1], p : K −→ Q together with the family {µ m } is an n-fold simplicial ramified covering map. Since ϕ p m is G-equivariant, the functions µ m are G-invariant.
We have the following. 
Proof: Define the simplicial set W as follows. Take
This is well defined, since ϕ p is a map of simplicial sets.
We define a right action of Σ n on W m by
We consider Σ n−1 as the subgroup of those permutations that leave the first coordinate fixed. Let
One can easily check that both α m and β m are bijective and determine maps α and β of simplicial sets. Observe that the Σ n -action on W is simplicial.
Now we define a left action of G on each W m by g (x; a 1 , . . . , a n ) = (gx; ga 1 , . . . , ga n ) .
Since ϕ p m is G-equivariant, then this action is well defined. Notice that the left G-action and the right Σ n -action satisfy the following associativity condition:
g ((x; a 1 , . . . , a n )σ) = (g (x; a 1 , . . . , a n ))σ .
This guarantees that the G-action passes to the quotients. One easily verifies that the isomorphisms α and β are G-equivariant. Observe that the G-action on W is simplicial.
Conversely, we have the following. Proof: We shall prove that p satisfies conditions 1 and 2 of Theorem 3.14. Let
Since the action of Γ on W is simplicial, one easily verifies that ϕ π is a map of simplicial sets. To see condition 1, take 
Theorem 3.20 If p : K −→ Q is a special simplicial G-equivariant ramified covering map, then the set of maps {t
Proof: By [5, 2.8], t G p commutes with morphisms of G-functions with multiplicity. Since by 3.7 the pairs (
) are morphisms of G-functions with multiplicity, the result follows.
Corollary 3.21 Let p : K −→ Q be a special simplicial G-equivariant ramified covering map. Then there is a transfer in Bredon homology
where s # (t ) is also an interior point. Using this in the simplicial group
We thus have, on the one hand,
while, on the other hand, 4 Ramified covering maps in the category of simplicial Gcomplexes Recall ( [14] ) that a simplicial complex C is a family of nonempty finite subsets of a set V C , whose elements are the vertices of C and which have the following two properties:
In what follows, we shall assume that any simplicial complex C is ordered, that is, the vertices of C have a partial order such that each simplex is totally ordered. Moreover, we can also assume that any simplicial map p : C −→ D preserves the order. This can always be achieved by considering the barycentric subdivision of each of the simplicial complexes, sd(C), sd(D), with the order given by inclusion. We denote by σ (i) the ith face of any ordered m-simplex σ = (v 0 < · · · < v m ) in a simplicial complex, which is defined by
, where we omit the ith vertex. 
For each simplex τ ∈ D and each simplex
Proof: Notice first that there is a bijection sd
To see 2, let
Since τ i ∈ D is a certain face of τ i+1 ∈ D, one should take the corresponding face of σ i+1 and call it σ i . Then, since p preserves faces, clearly
Condition 3 follows immediately from the definition of sd(µ) and the remark at the beginning of this proof.
Finally, to show condition 4, we have two cases:
and the condition follows immediately
m . Then the condition follows immediately from condition 4 for p. In the general case, one can proceed inductively.
We understand by an ordered simplicial G-complex an ordered simplicial complex C together with an order-preserving action of G on the set of vertices V C , such that each g ∈ G induces a simplicial map. We can always assume that a simplical G-complex is ordered by passing to the barycentric subdivision, if necessary. A simplicial G-map p : C −→ D of simplicial G-complexes is an order-preserving simplicial map which is G-equivariant. In what follows, we shall always consider ordered simplicial G-complexes.
Definition 4.3
We say that p : C −→ D is an n-fold G-equivariant ramified covering map of simplicial complexes with multiplicity function µ, if p is an n-fold ramified covering map such that C and D are G-complexes, p is a Gmap, and µ is G-invariant. We say that p is special if the following condition holds:
Proposition 4.2 allows us to assume that the G-actions in a G-equivariant ramified covering map of simplicial complexes preserve the orderings. From now on we shall assume that this is the case.
Recall ([4, Def. 5.4]) that given a simplicial complex C , one has a simplicial set K(C) such that
and s To finish this section we define the transfer in Bredon homology by just applying the homotopy-group functors π q to the transfer between topological groups. Using Theorem 1.11 and Propositions 4.7 and 2.12, we obtain the following. 
